MORE 4 SATURATED SPACES 



I. GASPARIS, M.K. PAPADIAMANTIS, AND D.Z. ZISIMOPOULOU 

Abstract. Given r G (1, oo), we construct a new jC-°° separable Banach 
space which is £r saturated . 



1. Introduction 

The Bourgain-Delbaen spaces are examples of separable C°° spaces 
containing no isomorphic copy of cq. They have played a key role in the so- 
lution of the scalar-plus-compact problem by Argyros and Haydon [3] , where 
a Hereditarily Indecomposable C°° space is presented with the property that 
every operator on the space is a compact perturbation of a scalar multiple 
of the identity. 

There has recently been an interest in the study >C°° spaces of the Bourgain- 
Delbaen type. Freeman, Odell and Schlumprecht [8] showed that every Ba- 
nach space with separable dual is isomorphic to a subspace of a C°° space 
having a separable dual. The aim of this paper is to present a method of 
constructing, for every 1 < r < oo, a new C°° space which is £r saturated. 
Our approach shares common features with the Argyros-Haydon work. More 
precisely we combine, as in |3j, the Bourgain-Delbaen method [7] yielding 
exotic spaces, with the Tsirelson type norms that are equivalent to some 
ir norm (see [2], [2], [5]). Recall that in [9], the original Bourgain-Delbaen 
spaces Xa^b with a < 1, 6 < ^ and a + b > 1 where shown to be £p saturated 
for p determined by the formulas ^ -|- | = 1 and a'^ + b'^ = 1. 

This paper is organized as follows. In the second section, for a given r G 
(1, oo), we construct a Banach space Xr- To do this, we first choose n G N, 
n > 1, and a finite sequence b = (61,62, •• • ,bn) of positive real numbers 
with 61 < 1, 62, 63, . . . , 6n < ^ such that Ya=i K = ^ ^^'^ ^ + p- = 1- The 
definition of Xr combines the Bourgain-Delbaen method with the Tsirelson 
type space T{An,b) which will be later proved to be isomorphic to £r- In 
particular, if 61 = 62 = ... = &„ = 6*, T{Amb) coincides with T{An,0) and 
the latter is known to be isomorphic to ip for some p € (1,cxd) (see [1]). 
It is worth noticing that for n = 2 the spaces Xr essentially coincide with 
the original Bourgain-Delbaen spaces Xa,b- Thus, our construction of jC°° 
spaces which are £r saturated spaces, can be considered as a generalization 
of the Bourgain-Delbaen method. We must point out here that when n = 2, 
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our proof of the fact that Xr is ir saturated, differs from Haydon's (see [9]) 
corresponding one for Xafi- To be more specific, Xr has a natural FDD (Mk). 
Given a normahzed skipped block basis {uk) of (M^) with the supports of the 
Ufc's lying far enough apart, then it is not hard to check that (uk) dominates 
(cfc), the natural basis of T{An,b). The same holds for every normalized 
block basis of (uk)- To obtain a normalized block basis of (uk) equivalent to 
(cfc), we select a sequence Ii < I2 < ■ ■ ■ of successive finite subsets of N such 
that limfc || X^jg/^. = 00. Such a choice is possible by the domination 
of (cfc) by (itfc). We set = II X]je4 Z^ie/fe ^« show that some 

subsequence of (vk) is dominated by (cfc). To accomplish this we adapt the 
method of the analysis of the members of a finite block basis of (cfc) with 
respect to a functional in the natural norming set of T{An,b) (see p]), to 
the context of the present construction. We believe that this approach yields 
a more transparent proof than Haydon's, at least for the upper £r estimate. 

The rest of the paper is devoted to the proof of the main property, namely 
that Xr is ir saturated. In Section 3, we define the tree analysis of the 
functionals {e* : 7 G F} which is a 1-norming subset of the unit ball of X*. 
The tree analysis is similar to the corresponding one used in the Tsirelson 
and mixed Tsirelson spaces [4]. In the following two sections we establish 
the lower and upper norm estimates for certain block sequences in the space 

In the final section we show that every block basis of (M^) admits a 
further normalized block basis (j;^) such that every normalized block basis 
of (xk) is equivalent to the natural basis of the space T{An,b)- Zippin's 
theorem [12] yields the desired result. 

2. Preliminaries 

In this section we define the space Xr combining the Bourgain-Delbaen 
construction [7] and the Tsirelson type constructions [2] , [3] . 

Before proceeding, we recall some notation and terminology from [3j . Let 
n G N and < hi, 62, ■■■,bn < 1 with "^^^i h > 1 and there exists r' G (1, og) 
such that ^"^1 6/ =1. We may also assume without loss of generality that 
61 > 62 > . . . > 6„. We define VK[(^„, 6)] to be the smahest subset W of 
coo(N) with the following properties: 

(1) ±el G W for all A: G N, 

(2) whenever fi£W and maxsupp/j < minsupp /j+i for all i, we have 
X^j<a ^ifi ^ provided that a < n, 

We say that an element / of VF[(^„, 6)] is of Type if / = ±e^ for some 
k and of Type I otherwise; an element of Type I is said to have weight ba for 
some o < n if / = Yli=i fi for a suitable sequence (/«) of successive elements 
of W[An,b]. 

The Tsirelson space T{An,b) is defined to be the completion of cqo with 
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respect to the norm 

=sup{(/,x) :/G 

We may also characterize the norm of this space implicitly as being the 
smallest function x ^ \\x\\ satisfying 



max I llrrlloo, sup ftj H-EixH | , 



where the supremum is taken over all sequences of finite subsets Ei < E2 < 

■■■<En. 

We shall now present the fundamental aspects related to the Bourgain- 
Delbaen construction. 

For the interested readers we mention that the following method can be 
characterized as the "dual" construction of the construction presented in 
[3]. This characterization is based on the fact that in [3J a particular kind 
of basis is given to ^i(r) and the Bourgain-Delbaen type space X is seen as 
the predual of its dual, which is ^i(r). 

Let {Tq)q^fq be a strictly increasing sequence of finite sets and denote their 
union by T; T = UgeNrq. 

We set Aq = To and Ag = rg\rg_i for g = 1, 2, . . . 

Assume furthermore that to each 7 € Aq, q > 1, we have assigned a linear 
functional c* : i°^(Tq^i) — > M. Next, for n < m in N, we define by induction, 
a linear operator in^m '■ ^^(^n) ^°°(rm) as follows: 
For m = n + 1, we define in,n+i ■ ^°°(r„) — )• £°°(r„+i) by the rule 



x(7), if 7 G r„ 
c*{x), if 7 G An+i 



for every x £ £°°(r„). 

Then assuming that in,m has been defined, we set ^n,m+l = ^m,,m+i ° 'in,m- 
A direct consequence of the above definition is that for n < I < m \t holds 
that in,m = ii,m ° ^n,i- Finally we denote by i„ : ^°°(r„) — )• the direct 
limit in = limm— >-oo ^n,m • 

We assume that there exists a C > such that for every n < m we have 
\\in,m\\ < C. This implies that ||i„|| < C and therefore i„ : ^°°(r„) ^°°(r) 
is a bounded linear map. In particular, setting = in[^°°(rn)], we have 

that Xn ~ £^{Tn) and furthermore {Xn)neN is an increasing sequence of 
subspaces of £°°{T). We also set Xbd = U -^n ^ £°°{T) equipped with 

the supremum norm. Evidently, Xbd is an C°° space. 

Let us denote by r„ : £°°(r) — > £°°(r„) the natural restriction map, i.e. 
rn{x) = x\r„- We will also abuse notation and denote by r„ : £°°{Tm) 
£°°{Tn) the restriction function from i°°{Tm) to £°°{Tn) for n < m. 



Notation 2.1. 
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(i) We denote by e* the restriction of the unit vector € £^ (F) on the space 

(ii) We also extend the functional c* : £°°{Tn) — )■ M to a functional c* : 
Xbd — )• M by the rule c*{x) = (c* o rq-i){x) when 7 € Ag. 

As it is well known from [3] and [7J, instead of the Schauder basis of ; 
it is more convenient to work with a FDD naturally defined as follows: 

For each g € N we set Mg = ig[£'^{Aq)]. 
We briefly establish this fact in the following proposition and then continue 
with the details of the construction of Xr ■ 

Proposition 2.2. The sequence (Mg)ggN is a FDD for Xbd- 

Proof. For q >0 we define the maps Pj^} : Xbd Mq with 

P{q}{x) = h{rq{x)) - ig_i(rg_i(j;)) 

It is easy to check that each P^q^ is a projection onto Mq and that for 
Qi / 12 and x G we have P^q^-^{x) = 0. Also we have that ||Pq|| < 2C. 
We point out that in a similar manner one can define projections on intervals 
of the form / = (p, g] so that Pi{x) = X]i=p+i which we can 
readily verify the formula 

Pl{x) =iq{rq{x)) -ip{rp{x)) 

Note that ||P/|| < 2C This shows that indeed {Mq)q is a FDD generating 
Xbd- □ 

For X G Xbd we denote by suppx the set suppx = {q : P{g}(x) / 0} and 
by ranx the minimal interval of N containing suppx. 

Definition 2.3. A block sequence (xj)^-|^ in Xbd is called skipped (with 
respect to {Mq)q^^), if there is a subsequence (gj)^i of N so that for all 
i G N, maxsuppxi < qi < minsuppxj+i. 

In the sequel, when we refer to a skipped block sequence, we consider it 
to be with respect to the FDD {Mq)q^^. 

Let g > 0. For all 7 G Ag we set d* = o P^qj- Then the family ((i*)^gr 
consists of the biorthogonal functionals of the FDD (Mq)q>Q. Notice that 
for 7 G Aq, 

d*{x) = Pg(x)(7) = ig(rg(x))(7) - ig_i(rg_i(x))(7) = 
= rq{x){j) - c*(rg_i(x)) = x(7) - c*{x) = 
= e*(x) - c*{x). 

The sequences (Aq)g(=N and (c*)^gr are determined as in [3], section 4 
and Theorem 3.5. 

We give some useful notation. For fixed n G N and b = (61, 62, ... , &n) with 
< 61 , 62 5 • • • 5 ftn < 1 ) for each 7 G Ag we assign 

(a) rank 7 = g 
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(b) age of 7 denoted by 0(7) = a such that 2 < a < n 

(c) weight of 7 denoted by w{'y) = ha 

In order to proceed to the construction, we first need to fix a positive integer 
n and a descending sequence of positive real numbers 61, . . . ,6„ such that 
hi < 1, hi < |, for every i = 2, ...,n and Yl^=i^i > 1- Let r € (l,oo) 
be such that Y27=i — ^ ^^'^ r ^ V ~ ^' ^ow we shall define the space 
Xr by using the Bourgain-Delbaen construction that was presented in the 
preceding paragraphs. 

We set Aq = 0, Ai = {0} and recursively define for each q > 1 the set 
A,. 

Assume that Ap have been defined for all p < q. We set 

Aq+i = {{q + l,a,p,r],eel) : 2 < a <n,p < q, s = ±1, el £ Sii(r^^, C ^Fg 
7] G Tp, ha-i = w{r])} 

For 7 G Ag+i it is clear that the first coordinate is the rank of 7, while the 
second is the age 0(7) of 7. The functionals (c* )^gAg+i are defined in a way 
that depends on 7 € A^+i. Namely, let x G i'^{Tg). 

(i) For 7 = (g + 1, 2,p, 7/, ee|) we set 

c*{x) = hix{7]) + b2eel {x - ip,q{rp{x))) . 

(ii) For 7 = (q + 1, a,p, r/, eep with a > 2 we set 

c* (x) = x{ri) + hasel [x - ip,q{rp{x))) . 

We may now define sequences (ig), (Tg), (Xg) in a similar manner as 

before and set Xr = \J Xg. Assuming that (ig) is uniformly bounded by 

(jeN 

a constant C, we conclude that the space Xr is a subspace of (F). The 
constant C is determined as in [3] Theorem 3.4, by taking C = Thus, 
for every m G N, ||im|| < C- This implies that < 2C for every I 

interval. 

Remark 2.4. In the case of n = 2, i.e. b = {hi, 62), the space Xr essentially 
coincides with the Bourgain-Delbaen space X^j^^b^, since every 7 G F is of 
age 2. 

Remark 2.5. As it is shown in Proposition 16.21 the choice of r, based on 
the fixed n and 6, yields that T{An,b) — ir- Moreover, the ingredients of 
the "Tsirelson type spaces" theory that are used throughout this paper are 
essentially the same with the corresponding ones in [3J . The basic difference 
in our approach is that we use only one family T{An , b) for some appropriate 
n and b. 
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3. The Tree Analysis of e* for 7 g T 

We begin by recalling the analysis of e* in [3] section 4. The only difference 
is that in our case all the functionals e* have weight depending on their age 
which is greater or equal to 2. 

3.1. The evaluation Analysis of e* for 7 S F. First we point out that 
for g € N every 7 G Ag+i admits a unique analysis as follows: 

Let 0(7) = a < n. Then using backwards induction we determine a sequence 
of sets {pi, qi,Sie^.}f=i U {r]i}f^2 with the following properties. 

(i) pi < qi < ■ ■ ■ < Pa < Qa = q- 

(ii) £i = ±1, rank^j G {Pi,qi] for 1 < z < a and rankr/j = + 1 for 
2<i<a. 

(iii) r]a = r]i = {rankr]i,i,pi,r]i^i,£ie*^J for every i > 2 

r]2 = (rankr/2,2,p2,eiCi,e2e|2) and = (l,rank^i]. 

Definition 3.1. Let g E N and 7 G Fg. Then the sequence {pi, qi, eie^.}^^iL) 
{Vi}i=2 satisfying all the above properties will be called the analysis of 7. 

Moreover, following similar arguments as in ^ Proposition 4.6 it holds 
that, 

a a a a 

i=2 1=1 i=2 2=1 

a a 

We set 57 = E d*r^, and f-y = Yl hsiel o P(p^,g^]. 

j=2 i=l 

3.2. The r- Analysis of the functional e*. Let r G N and 7 G Ag+i.Let 
0(7) = a < n and {pj, ft, eie|^}f=i U{^j}?=2 ^'^^ evaluation analysis of 7. We 
define the r- analysis of e* as follows: 

(a) If r < pi, then the r-analysis of e* coincides with the evaluation 
analysis of e*. 

(b) If r > qa, then we assign no r-analysis to e* and we say that e* is 
r-indecomposable. 

(c) If pi < r < we define v = min{i : r < ft}. Note that this is 
well-defined. The r-analysis of e* is the following triplet 

{(Pi; ft]}i>ir' {^iCi}i>ir' {^i }i>max{2,v} • 

where is either the same or r in the case that r > pi^ . 
Next we introduce the tree analysis of e* which is similar to the tree anal- 
ysis of a functional in a Mixed Tsirelson space (see |3] Chapter II. 1). Notice 
that the evaluation analysis and the r-analysis of e* form the first level of 
the tree analysis that we are about to present. 

We start with some notation. We denote by (T, " ^ ") a finite partially 
ordered set which is a tree. Its elements are finite sequences of natural 
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numbers ordered by the initial segment partial order. For every t € T,we 
denote by St the immediate successors of t 

Assume now that {pt-,(lt\t(^T is a tree of intervals of N such that t ^ s 
iff {pt,qt] ^ {Ps,qs] and t,s are incomparable iff (jpt,qt\ n {Ps,qs\ = 0- For 
such a family [pt^ qt\t&T and t, s incomparable we shall denote by t < s iff 
{Pt,qt] < {Ps,qs] (i-e. qt <Ps)- 

3.3. The Tree Analysis of the functional e* . Let 7 G A^+i with 0(7) = 
a <n. A family of the form T-.. = {^j, {pt, qt\\teT is called the tree analysis 
of e* if the following are satisfied: 

(1) T is a finite tree with a unique root denoted as 0. 

(2) Wc set ^0 = 7,(p0,g0] = {l,q] and let fe, gi, eiC^J^^^ U{^i}L2 the 
evaluation analysis of ^0. Set 6*0 = {(1), (2), . . . , (a)} and for every 
s = (i) G 50, {is, {Ps, qs]} = te, (Pi, qi]}- 

(3) Assume that for a t G T {^t, {pt,qt]} has been defined. There are 
two cases: 
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(a) If is pt-decomposable, let 

{{pi, qi]}i>ipt , {^iii}i>ip, , {vi} 't>max{2,ipj } 
the pt analysis of e|^. We set St = ■ i > ip^} and 

St, iiVipt exists 
St\{{t'^ipt)}, otherwise 

Then, for every s = (t^i) e St,we set {^s, {Ps,qs]} = {Ci, {Pi, qi]} 
where {ej^j, (pi, qi]} is a member of the pt analysis of e|^. 

(b) is pt-indecomposable, then ^t consists a maximal node of Tj. 

Notation 3.2. For later use we need the following: 

For every t G T = ft + gt, where ft = J2seSt ^s^se^^ o P(ps,qs] ^^'^ 

9t = Y^sesf^ '^vs and for s = (t^i) G Sf\ 

Vit-'i) = (rank7?(t^j),i,p(t„i),??(t„i_i),e(i^j)e|^^^^^). 

In the rest of the paper, we set ft = /^^ and gt = gt- 

Lemma 3.3. Let x G X^. and 7 G F. Then, 

e;{x)= n {^sbs){fu+9tj{x), 

where = max{t : ranx C (p^, g^]}. 

Proof. Let = {^t, {Pt, qt]}t£T a tree analysis of 7. 

If {t : ranx C (j)t,qt]} = 0, then e*(x) = /0(x) + 5'0(x) and the equality 
holds. 

If {t : ranx C (p^, qt]} / 0, we can find {ti ^ t2 ^ ■ ■ ■ ^ tm} G T such that 
ti G Sfn and tm = tx- 
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For every t & T with t ~< tx, gt{x) = 0. Indeed, for every s G S'f , = 
^Vs °P{qs+i}(^) = because ranx C {pt^,qtj\ C {ps,qs]- 
So, we have that 

setting £0 = 60 = 1. □ 

Corollary 3.4. If {ft^, {pt^^qt^^]) is a maximal node, then e*(j;) = 0. 

Proof. Let (/t^, be a maximal node. Then ft^{x) = and gt^(x) = 

and from Lemma 13.31 we deduce that e*{x) = 0. □ 

4. The lower estimate 

Definition 4.1. An (p € is said to be a proper functional if it 

admits a tree analysis {(pt)teT such that for every non-maximal node t T 
the set {(j)s ■ s € St} has at least two non-zero elements. 

We denote by Wpr{An,b) to be the subset of W{An,b) consisting of all 
proper functionals. For every t G T it holds that (j)t = "^s&St ^s(ks with 
{^s}sG5t ^ {^1, &2, • • • , bn} and 60 = 1. 

Lemma 4.2. The set Wpri^nib) 1-norms the space T(»4„,&). 

Proof. We shall show that for every (f) G W{Anib) there exists g G Wpr{An-,b) 
such that |i?i'(?Ti)| < g{m) \/m G N. Since the basis is 1-unconditional the 
previous statement yields the result. 

To this end, let 4> ^ W^{An,b). Then using a tree analysis {(j)t}t<a.T of </> we 
easily see that for every m G supp/, there exists a maximal node tm & T 
with (ptrr. = £me*m and (t){m) = Em H ^t- 

t<tm 

For every m G supp0 we set = {t & T : t < tm and ^St > 1}. Then 
it is easy to see that the functional g = Yl (0 bf)e'^ is a functional 

mgsupp taKm 

belonging to Wpr{An, b). Moreover, since bt < 1 for every t G T we get that 
|</>(m)| < g{m) Mm G N. □ 

Lemma 4.3. Let (j) G Wpr{An,b) and Z G N. If maxsuppc/) = ^, then 
h{T^) < I. 

Proof. Let On be the amount of nodes at the n level of T,/,. Since is 
proper, it holds that 6n+i > for every n G N. Assume to the contrary 
that h{T^) > I, i.e. h{T(j,) = I + k foic some A; G N. Then, 

^1 = 1, 02 > 2, . . . , Oi+k >l + k 
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Since, the I + k level of T,/, consists of functionals of the form e*, we deduce 
that maxsupp0 > I + k > I, which leads to a contradiction. □ 

Proposition 4.4. Let {xk)ken be a normalized skipped block sequence in 
Xr and {qk)km a strictly increasing sequence of integers such that suppxfc C 
{Qk + k,qk+i). Then, for every sequence of positive scalars {ak)km and for 
every / G N, it holds that 

I I 

(1) II X^"fc^fellr(A.,b) - ^11 X^^fc^fclloo 

k=l k=l 

where {ek)keN ^ T{An,b) and C is an upper bound for the norms of the 
operators im in Xr- 

Proof. Let cj) € Ty(^n, b). From Lemma [4.2l we may assume that (j) is proper. 
We will use induction on the height of the tree T,p- 

If h[T(f,) = (i.e. / is maximal), then (j) is of the form (j) = e^e^ with = 
±1. We observe that, |0(X]fe=i '^fe6fc)l = Wk\ = Ofe- From [3j Proposition 4.8, 
we can choose 7 G T q^^^^-iXT q^j^^ such that |xfc(7)| > = ^. Then, 

\(t>{Y!'k=i afcCfc)! = fflfc < C\ak\\xk{-i)\ = C\e*{akXk)\ < C|e*(X;i=i akXk)\. 

We assume that for every (f) € W{AnJ)) with h{T^) = h > and 
maxsupp(/) = Iq, there exists 7 G F, such that: 

(1) 7 € rg;o+i+/i\rgi,+i 

(2) h{T^) = h{T^) < lo 

(3) \HYlk=i OfcCfc)! < C\ J2[=i akXki7)\ for every / > /q 

Observe that assumption (1) yields x^q < rank 7 < x^q+i, while assumption 

(2) gives us that minsuppx/g+i — maxsuppx^^ > h(T(j,)- Indeed, 

xio < qio+i < rank 7 < qi^+i + h< %+i + /q < qio+i + {k + 1) < xi^+i 

and minsuppx/p+i — maxsuppx^^ > + 1 > lo> h{F.y). 

Let (j) E 6) with h{T^) = h + 1, Iq = maxsupp(/> and let {(j)t)teT 

the tree analysis of (j). Then, is of the form cf) = ^^g^^ bs(j)s, #5*0 < n. 
We observe that for every s G 50, h{T^^) = h. We set pi = 1, for every s G 
S'0\{1} Ps = mm{qk + k : k £ suppc/)^} and for every s G ^0, = qi^+i + h 
where Is = maxsupp cps ■ 

We next apply the inductive hypothesis to obtain £ rr^\Fy;^_|_i with 
h{T(j,J = h{T^J such that 

I 

{(psC^akCk)] = ^ akek)\<Ces ^ akXk{^s) 

k=l k&upp4>s fcesupp <^s 

I 

= Cese|^( ^ akXk) = CessI^ o P(^p^^rs]C^CLkXk), 
fcesupp 0s fc=i 

with such that esel{J2k&upp^, "'kXk) = \ Efcesupp^. akXkiCs)\- 
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Let 7 G r have analysis {Ps,rs,£selJseS^[j{'ns}seSii,\{i} where rjs £ 
^vs+i- Observe that rank^^ £ (^is+i''"s] *^ {Ps,i's]- It is clear that for 
every s G S'oXll}, d*^{J2[^^ akXk) = 0. Indeed, 

suppx^^ < qis+i < Qls+i + {h + 1) = rs + 1 < qi,+i + {h + 1) < suppx^^+i. 
Therefore, 

I I 

k=l sG50 k£s\ippij>s sG-^g k=l 

I 



< 



C| y^afcXfc(7)| 



k=l 



It is clear that h{T^) = h{T-y) < Iq and x/p < rank 7 < xi^^i. □ 

Corollary 4.5. For every block sequence in Xr there exists a further block 
sequence satisfying inequality ([T]). 

5. The upper estimate 

Let (y/)igN be a normalized skipped block sequence in Xr- From Corollary 
14.51 we can find a further block sequence of {yi)i, still denoted by {yi)i, 
satisfying inequality ([T]). 
Therefore, we have that 

m ^ m 

II ^y/||oo > 77II X]^'llr(A.,b) 
1=1 1=1 

For every j G N, set Mj = {1, 2, . . . , n}-'. It is easily checked, after identify- 
ing Mj with {1, . . . , n-^ } for every j, that the functional fj = YlseMj (111=1 ^sje* 
belongs to W{An,b) where Si is the i-th coordinate of s, for each i = 
1, 2, . . . , n and ZlseMj U.i=i ^s, = {YJi=i ■ Using the fact that #Mj- = n-?', 
we obtain that 

II Yld=l ^HIr(Ai,b) ^ II ^seMj '^s\\-j-{An,b) - fj(YA=l ^l) = mi=l ■ 

Also, for every m G N large enough we may find j G N such that n^^^ > 
m> From the above and the unconditionality of the basis of the space 
T{An,h)^ it follows that 

\\Y.yi\\^> ^11 E^'llr(^.,f;) ^ c^\Y.''^\\nAnrb) = 

1=1 1=1 1=1 i=l 

We conclude that || "^iLi ViWoo "^-^^ 00 as Y17=i ^« > ^• 

We next choose a further block sequence (xfc)fcgN of (yi)igN with some 
additional properties. Let e > and choose a descending sequence {ek)k 
of positive reals such that (^'kLi^k) < We can also find an increasing 
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sequence {ukjk of positive integers and a sequence {Fk)k of succcsivc subsets 
of N such that the following are satisfied: 

(1) For every A; G N, ^ < e^. 

(2) For every G N, || ^i^p^ yi\\ > rik- This is possible, due to the above 
notation. 

We have thus constructed a normalized skipped block sequence {xk)k&N of 
the form Xk = J2ieFk ^iV-^ where A/ = — Notice that < for 
every Z G -Pfc. 

Let 7 G r with tree analysis = {^t-, {pt, Qt]}teT- 
For every G N, we set tk = max{i : ranx^ C {pt,qt]}- Notice that if 
for a given x^, is non-maximal, then there exist at least two immediate 
successors of tk, say Si, S2 such that the corresponding intervals (psu^sj, 
{Ps2i QS2] intersect ranx^. For later use we shall denote by (psq, Qsq] the first 
interval in the natural order of disjoint segments of the natural numbers 
that intersects Xk- Notice that so is not necessarily the first element of St- 
For the pair 7, {xk)kef>l ^^i^^ for every t £ T we define the following sets: 
A = Ustti'^ ■ s = tk}, Kt = Dt\ UseSt Ds ={k:t = tk} and Et = {s e 
Sf.Ds^ 0}. 

We now set = + + x'^' where. 

Remark 5.1. (1) The sets Dt,Kt,Et are determined by the chosen pair 
7) {xk)k- For a different pair, these sets may differ as well. For 

example, let k G Kt, for the pair 7, {xj^)k. Then t = for x^. By the 
construction of x^, there exists Sk £ St such that x'^ = x^ \{psf,,qs^.]- 
Thus, taking the pair 7, (x^)^; the same k belongs to Kg^. 
(2) For every keN, \gtk{xk)\ < 2Cnefe. 

Indeed, from the definition of {xk)kef^ '^^ have that 



< E ii<JiiiA..+i}iii^riii2/fii< E 2c^fc^ 

< 2Cek{i^St,) < ICnSk. 

(3) It is obvious that gt^ixk) = 9tkix'k), ftkix'k) = and for every 

t<tk,gtix'l') = 0. 

Lemma 5.2. For the pairs 7, (x'^)^^^ and 7, (x'^)^^^ it holds that U 
Et) < n. 

Proof. Let i G T and let k e Kt. 

We set Sk = max{s G St : {Ps,qs] H ranx'j. 7^ 0}. Prom the definition of tk, 
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notice that ij^St > 2. It holds that Sk ^ Et. 

Indeed, from the definition of tk, Sk we have that {pt^jQik] l~l ranx'^, = ranx'^ 
and {psk,Qsk] Hranx'^, = Since Sk G St^^, (psfc,?^^] ^ (Ptfc,giJ- It 

follows that {psf.,qs^,] C ranx'^. 

Therefore, we can define a one-to-one map G : Kt ^ St\Et, hence + 
#Et < #St < n. 

The proof for the pair 7, (x'^')fcgN is similar. □ 

Proposition 5.3. Let {xk)k&i be as above. Then for every 7 G F there exist 
(j)i,(p2 £ W{An,b) such that for every sequence {ak)keN of positive scalars, 
for every / G N it holds that, 

I 1 ' '1 

(2) |^afeXfc(7)| < — (0i+,/.2)(X]«fcefc) + 2Cne(J]4)^ 

k=l " fc=l k=l 

Proof. Let 7 G Ag^iwitha{'y) = a < n. Let = {■^t, (pt, (?t]}tgr) where 
^0 = 7, be the tree analysis of 7. We may assume that IJi=i ranx^ C (p0, (70]. 

Claim. For the pairs 7, (x'^jfegp} and 7, (x'^)^^^ there exist 4>Ij4'2 G ^^(-^n, &) 
such that for every sequence of positive scalars {ak)k<^N and for every / G N, 
it holds that 

^ 2C ^ 

(3) \hC^akx'^.)\ < —(j)iC^akek) 

k=i " k=i 



^ 2C ^ 

(4) If^C^akx'Dl < —M^akCk) 

k=l " fc=l 

Proof of the Claim. We only prove inequality [3l The proof of inequality [4] 
requires the same arguments. We recall that ft = ^seSt ^s£s{fs+gs)°P{ps,qs] 
for every t non maximal. From the definition of (x^.)^^^, we have that 
9s o P{ips,qs\{'^'k) = fo'^ ^'^'^^y ^ 5*4. Therefore, 

ft{12k&Dt '^kx'k) = (EseSt ° -P(p.,qs])(EfcGD* Ofc^)- We will use back- 

wards induction on the levels of the tree T, i.e we shall show that for every 
t G T there exists G W{An,b) with suppi;^^ C such that 

2(7 

fcGDt " keDt 

Let < /i < max{|t| : t G T} 

We assume that the proposition has been proved for all t with \t\ = h. 
Let t with \t\ = h — l.Then we have the following cases: 

(1) If ft is a maximal node, ftiYlkeDt ^kx'j.) = 0, so there is nothing to 
prove. Indeed, K = Dt, therefore for every k G Dt, from Corollary 
[33]/t(x'fc) = since t = tk- 
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(2) If ft is a non-maximal node, then 

MEkGDt = (Esest ° P{Ps,qs])iEk€Dt = 

From the fact that, for every k £ Kt, gt{x'}.) = we get that 

l/t(4)l = 14(6)1 < II4II < 2C = 2Cel{ek). 

Moreover, for s € E'j it holds that \s\ = h — 1. For every A; € Ds, 
from the inductive hypothesis we obtain 

I bsfsix',)\ = \bJsix',)\ < h—ct>{{ek). 

with 4>l G W{An,b) and supp^f C Dg. 
We set cPi = (ZseE, bscPt + Efcei^, b^e*). 

From Lemma 15.21 it is easily checked that G W{An,b) and it 
holds that, |/t(EfceDt ^^4)1 < l^'/'UEfceDt «fcefc). 

□ 

Recall that e* (XlLi afca;^) = 50(EL=i ^^kXk) + /©(ELi Ofca^fc). 
The fact that 50(Efe=iafc4) = 50(EL=iafc4) = f0(Efee{»n:t™^0} "^4") = 
/0(Efce{m:t„=0} o-kx'l') = implies the following: 

I I 
|e*(^afcXfc)| < |5-0( ^ afc4')l + l/0(X]"'=4)l 

fc=l fcG{m:tm=0} fc=l 

+ i/0(E«'^^''=')i + i/0( E "'^oi 

A:=l fce{m:t™7^0} 

^From Remark 15.11 we get that, 

\m{ E «fc4")l < J2 afclfi'0(4")l < 2Cn E 

fcG{m:t„=0} fcG{m:tm=0} fcG{m:tm=0} 

From Lemma 13.31 and Remark 15. II we have that, 

i/0( E «^4")i < E «^'(n^*)i5*^(4')i< 

- ^'-^^'^ E "'^•'^'^ - '^^^ E 

fee{m:im^0} k£{m:tmT^(l)} 



14 I. GASPARIS, M.K. PAPADIAMANTIS, AND D.Z. ZISIMOPOULOU 

Finally, we conclude that 

^ 2C ' 



\^akXk{j)\ < 2Cn ^ O/tefc + — 0i(^ afce^) 

k=l fce{m:tm=0} " k=l 

2C ' 

k=l fcG{m:t^/0} 

fc=i k=i 
- ir^^^ + (t>2)C}2akek) + 2Cnmax{ak : /c € N}(^efc) 

fc=l k=l 

2C ' ' 1 

< —{<Pi+<P2){^a,ek) + 2Cnei^al)-r. 

fc=i fe=i 

where in the last inequality we used the fact that the £r norm dominates the 

Co norm. □ 

Remark 5.4. From [3] Theorem 1.4, we know that || afcefc|l7-(_4 ^) — 
M(^ap~. This result and the previous Proposition, yield that 

"'k(^k\\r{A„,b)- 

k=l k=l k=l 

' 6C ^ 

fc=l " k=l 



Therefore, 

(5) II y^Qfca^fclloo < -r-|l y^Qfcefcllru 



6C, ' 



J^U Z^"'k^k\\r{An,b)■ 
k=l " fc=l 



Corollary 5.5. For every block sequence in Xr there exists a further block 
sequence satisfying inequality ([5]). 

6. The main result 

Proposition 6.1. Let be a skipped block sequence in Xr satisfying 

minsuppxfc+i > maxsuppxt- + fc and the conditions of Proposition 15. 3i Then 
ixk)keN is equivalent to the basis of the Tsirelson space T{An,b) for n and 
b determined as before. 

Proof. It is an immediate consequence of Propositions 14.41 15.31 and Remark 
01 □ 
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Proposition 6.2. The space T{An,b) is isomorphic to Ip for some p G 
(l,oo). 

Proof. In a similar manner as in [3] Theorem 1.4, one can see that for every 
normahzed block sequence {xk)k of the basis {ej)j and for every scalar se- 
quence (ofc) it holds that, |[ ^ afeX^H < ^|| CLk&k\\- Zippin's Theorem [12] 
yields that T{An,b) is isomorphic to some i-p for some p G (1, oo). CH 

Remark 6.3. An alternative proof could also be derived using the Results 
in Sections 4 and 5. Indeed, let {yi)i^^ be a skipped block sequence in Xj.. 
Then, there exists a further block sequence {xk)km satisfying simultaneously 
the assumptions of Corollaries 14.51 and 15.51 Therefore, {xk)k€N satisfies the 
assumptions of Proposition 16.11 

Let's observe that every further block sequence {zk)k of {xk)k is also 
skipped block and satisfies Proposition 16. H thus it is equivalent to the ba- 
sis of the space T{An,b)- Hence, every block sequence {zn)n of {xk)k is 
equivalent to (xfc)^. Zippin's theorem [12] yields that the space < {xk)k > 
is isomorphic to some £p. Therefore, T{An,b) = £p for some p £ (1, cxd). 

In order to determine the exact value of p, we need the following Propo- 
sition. 

Proposition 6.4. The space T{An,b) is isomorphic to £r with - + = 1 
and Er=i bl' = 1. 

Proof. First, let observe that for every x G cqo, < ll^^Hr- We shall use 
induction on the cardinality of suppx. If | supp^l = 1, it is trivial. Assume 
that it holds for every y G cqo with |suppy| < n and let x G cqo with 
|suppx| = n + l. Then either ||x|j = ||x||oo or ||x|| = Y17=ibi\\Eix\\ for some 
appropriate subsets Ei < E2 < ■ ■ ■ < En- In the first case, there is nothing 
to prove as for every p G [r,oo) \\x\\oo < ||a;||p- Therefore we only need to 
deal with the second case. 

It suffices to observe that for every i = 1,2,. ..,n, the cardinality of 
suppE'jX is less than suppx and thus, using the inductive hypothesis along 
with Holder's inequality, we get that 

n n n 

\\X\\ <Y,bi\\EiX\\r < {Y,b'i)^{Y,\\EiX\\;)r = \\x\\r. 
i=l 1=1 i=l 

By combining the preceding argument with Proposition 16.21 we conclude 
that T{An,b) is isomorphic to £p for some p £ [r,oo). 

For every I G N set M/ = {1, 2, . . . , n}'. We have already mentioned 
that for every / G N the functional fi = J2seMiiY[i=i^Si)et belongs to 
W{An,b) where Sj is the i-th coordinate of s, for each i = 1,2, ... ,n and 

In I - 

EsGMi Ui=i bs, = (EILi biY- We set = lli=i bsi and xi = Esgm, e,. 
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It is easily seen that for every / G N, ||x;|| = 1. Indeed, 

n 

\\xi\\ < \\xi\\r = = C}2bl')r = 1 = fi{xi) < \\xi\\. 

We claim that for p' > r and every e > there exists / € N such that 
< e. If the claim holds we are done as p coincides with r. 

Proof of the Claim: Notice that for p' > r, Yli^=i ~ ^^=1 K ^^^^^ for 
some < 5 < 1. But for every i = 1, 2, . . . , n 6j < 1, and therefore 

n n 
i=l 1=1 

Thus, there exists I € N such that (X^ILi ^^^^"^y < £p' . Then for this /, 

sgA/j sgM; i=l 

□ 

Theorem 6.5. For every r G (l,oo) the space is ir saturated. 

Proof. As it was mentioned in the above Remark, for every skipped block 
sequence in Xr we can find a further block sequence (a;^)^ such that the 
space < (xfc)fc > is isomorphic to ir- □ 

Remark 6.6. From the previous Theorem, we deduce that the space Xr is 
a separable C°° space which does not contain £i. Therefore, the results of 
D.Lewis-C.Stegall [lOj and A. Pelczynski [llj yields that X* is isomorphic 
to £i. Alternatively, one can use the corresponding argument of D. Alspach 
[T| and show directly that (Mg) is a shrinking FDD for Xr- It then follows 
that (e*)^gr is a basis for X*, equivalent to the usual £i-basis. 
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